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Attosecond electron bunch measurement with coherent
nonlinear Thomson scattering
Colton Fruhling ,,* Grigory Golovin, and Donald Umstadter
Department of Physics and Astronomy, University of Nebraska-Lincoln,
Behlen Laboratory 500 Stadium Drive, Nebraska 68588, USA
(Received 3 March 2020; accepted 5 June 2020; published 6 July 2020)
We present a novel method for measurement of ultrashort electron-bunch duration, in principle, as short
as zeptosecond (10−21 s). The method employs nonlinear Thomson scattering of relativistically intense
laser light, and takes advantage of the nonlinear dependence and coherence of scattered light on electron
bunch length. We validate the method and test its range of applicability via simulations by using realistic
(nonideal) electron beams. Due to the wide flexibility in choice of interaction geometry and scattering laser
pulse properties enabled by the method, it is shown to be applicable over a wide range of electron beam
parameters, including energy, energy spread, and divergence angle.
DOI: 10.1103/PhysRevAccelBeams.23.072802
I. INTRODUCTION
With the advent of ultrashort duration lasers and electron
accelerators, the study of ultrafast phenomena has rapidly
advanced. Dynamics on the attosecond timescale can now be
probed, opening a door to previously unexplored physics
realms [1]. High-charge attosecond-duration electron
bunches are at the frontier of accelerator-driven free-electron
lasers, inverse Compton scattering light sources, and ultrafast
electron diffraction sources. A number of concepts for atto-
second electron-bunch generation have been theoretically
proposed, including laser-illuminated droplets [2], direct
acceleration from focusing to a λ3 volume [3], laser wakefield
acceleration (LWFA)with localized injectiononsharpdensity
up-ramps [4], ponderomotive bunching from optical pulses
[2], temporal lensing of electron bunches [5], dielectric laser
acceleration [6] and optically seeded free-electron lasers [7].
Current techniques for characterizing the ultrashort dura-
tions of electron bunches include time-space methods, such
as streaking via laser ponderomotive scattering [8], direct
laser field streaking [9], and cross-correlation [10]. Another
way to measure electron-bunch duration utilizes changes in
the frequency space and coherence of broadband radiation
emitted by the bunch. Electron bunches radiate coherently
for wavelengths greater than the bunch size, and incoher-
ently for wavelengths smaller than the bunch size. The
transition from coherent to incoherent regimes can be
observed in the spectrum of the emitted radiation and used
to measure the bunch length. This has been demonstrated
experimentally with early synchrotrons [11].
Two such methods are Smith-Purcell radiation (SPR)
[12,13] and coherent transition radiation (CTR) [14], which
has measured a single 1.5-fs electron bunch. Another method
of current interest is optical diffraction radiation [15]. All of
thesemethods require that the radiation emitted by the electron
bunch is broadband and covers a wavelength range on the
order of the electron bunch length. However, the intensity of
the radiation produced by CTR and SPR typically decays
above frequencies necessary to measure attosecond electron
bunches. For CTR, radiation decays rapidly, as ∼ðγωp=ωÞ4;
above the relativistically shifted plasma frequency, ω ¼ γωp
[16] of the transitionmaterial; for SPR, it decays as∼e−2ωd=γβc
above a critical frequencyω ¼ γβc=2d [17,18],where γ and β
are the relativistic energy and velocity respectively, d is the
distance the electron passes above the Smith-Purcell grating
surface, and c is the speed of light in vacuum.
The areas of applicability of these methods for typical
experimental parameters are shown in Fig. 1 as shaded
regions in order for the reader to orient oneself with the
problem space. As one can see, both CTR and SPR for
typical experimental conditions (see caption for details)
cannot be used to measure attosecond electron bunches at
energies near γ ≤ 10, which is one of the primary regions of
interest for attosecond physics [19–21].
In this paper, we introduce a novel solution to the problem
of measuring ultrashort electron bunch duration, using the
mechanism of nonlinear Thomson scattering (NTS). It has
previously been shown that linear Thomson scattering could
beused tomeasure transverse emittance and energyof electron
beams [24–26], however NTS has never been employed
before, and never for bunch-duration measurements. In this
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method, NTS overcomes the limitations of SPR and CTR by
generating broadband radiation at higher frequencies, and yet
with lower electron energies. NTS occurs when an electron
oscillates in an intense laser field and exhibits a complicated
relativistic trajectory, which emits broadband radiation
that can extend far into the sub-nm spectrum. Modern
laser systems can easily reach the intensity regimes required
ða0 ¼ 1–20Þ [27,28]. Figure 1 shows that NTS by a mildly
relativistic (γ ∼ 1–1000) electron bunch can be used to
measure electron pulse durations as low as attosecond, and
potentially even zeptosecond.
The paper is organized as follows. Section II presents a
short review of coherent radiation and the theory required
to analyze electron bunch duration via coherency effects.
Next, we present NTS and aspects of the radiation such as
the cutoff energies and tunability parameters. Section III
describes numerical simulations used to model the pro-
posed method. A simple analysis is used to demonstrate the
validity of the method. Finally, we discuss limitations of the
method due to nonideal electron beam conditions.
II. REVIEW
A. Coherent radiation
We start by considering a group of radiators, such as
electrons, where the instantaneous total radiation of the























where the summation contains all electrons in the bunch, n̂
is the direction of observation, r⃗j and r⃗k are electron
positions, and IincðωÞ is the intensity of radiation of a single
electron. The first term is simply the incoherent addition of
each single electron and is proportional to N, whereas the
second term contains information about the distribution of
the bunch. One can immediately see that the radiation for a
particular wavelength, λ, will be considered coherent if the
phase terms are all identical. If each electron bunch length
is δ, then coherency occurs either when δ=λ ≪ 1 or
ωτ ≪ 2π, where τ ¼ δ=c. Equivalently, the grouping of
electrons is so small compared to the wavelength of
radiation emitted that they can emit in phase with each
other. If this happens for many wavelengths within the
broadband spectrum, we will be able to recover δ.
The second term in Eq. (1.1) can be represented in a
more useful form by averaging over the particle positions
and assuming they are uncorrelated. [The correlation
function is Cðr⃗; r⃗0Þ ¼ Sðr⃗ÞSðr⃗0Þ, where SðrÞ is the norma-
lized density function of the group of electrons.] Finally, as
was shown in [29], Eq. (1.1) can be written as
ItotðωÞ ¼ IincðωÞ½N þ NðN − 1ÞFðωÞ; ð1:2Þ













¼ jŜðω; n̂Þj2: ð1:3Þ
In order to measure electron bunch duration via coherent
radiation, one measures the spectral intensity ItotðωÞ of
emitted radiation in a particular direction, divides by the
theoretical or experimental incoherent signal to find FðωÞ,
and then performs an inverse Fourier transform to recover
the projection of Sðr⃗Þ along the observation direction.
Of course, the phase retrieval problem [30] results from
experimentally measuring the magnitude FðωÞ, but not the
density function Ŝðω; n̂Þ, which in general requires the
phase. Although this issue is outside the scope of this paper,
the authors direct an interested reader to Refs. [30–33].
To simplify the analysis, we employ a constant-phase
approximation, setting the phase for each wavelength
to be constant. This allows us to ignore the phase and
more simply take the Fourier transform of the magnitude
of FðωÞ.
B. Nonlinear Thomson scattering
Thomson scattering occurs when light is scattered by a
free electron. In linear scattering, an electron in a weak laser








FIG. 1. The minimum bunch duration measurement possible
based on ideal detection for SPR (diagonal hatched), CTR
(horizontally hatched), and NTS for a0 ¼ 4 (vertically hatched)
and a0 ¼ 20 (shaded) under typical experimental conditions. The
dimensionless laser intensity parameter, a0, is defined later in the
text. The shading indicates applicability that extends to the top
right. SPR [12,22] is considered in the case where the distance of
the beam from the grating isd ¼ 1 mm.CTR [14,23] is considered
in the case where aluminum, a common material, is used for a
transition material. NTS is considered with the parameters used in
this paper, a0 ¼ 4, and at state-of-the-art systems where a0 ¼ 20.
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laser frequency [34,35]. If the electron is moving relativ-
istically, the radiation is emitted in a narrow cone,
θrad ∼ 1=γ, pointed in the direction of average electron
motion, and the emitted frequency is double-Doppler
shifted from the laser frequency [see Eq. (1.4)]. This case
is often also referred to as inverse Compton scattering. As
the laser intensity increases, the magnetic component of the
Lorentz force then becomes comparable to the electric
force, and the equation of motion becomes nonlinear in the
fields. The dimensionless laser parameter a0¼eE=mecω¼
0.85×10−9λ0 ½μmI1=2½W=cm2 describes the onset of non-
linear behavior in the system.
In the highly nonlinear regime, a0 ≫ 1, which is the
regime required for our measurement, and the radiation
becomes broadband, resulting in a synchrotron-like spec-
trum as demonstrated experimentally by [27,28]. For the
application of electron bunch measurement, we are most
interested in the minimum and maximum frequency
achievable from NTS, which defines our limit of appli-
cability. The minimum frequency is easily understood as
the Doppler-shifted laser frequency with an angular and
ponderomotive modification and has been shown to be
described by
ωfund ¼
2γ2ð1 − β · k̂Þω0
1þ γ2θ2 þ a20=2
; ð1:4Þ
where β and γ are the initial electron velocity and energy
respectively, ω0 and k̂ are the laser frequency and direction,
and θ is the angle between the average direction of electron
motion and the direction of observation. The maximum
frequency is slightly harder to define due to the broadband
nature of the radiation, although the precedent has been that
it is the frequency above which the radiation is insignificant









With the required background now complete, we now
address the full picture of the proposed method. The results
of Eqs. (1.4) and (1.5) allows us to understand the unique
versatility of NTS for coherent bunch measurement. In the
synchrotron-like spectrum, the lowest frequency emitted is
the fundamental, which can be tuned by adjusting the laser
intensity or the interaction geometry. However, we also
desire control of the highest frequency. Thus, we can have
control of the minimum frequency via the interaction angle
and the highest frequency via the nonlinearity of the
interaction.
Consider a bunch of relativistically moving electrons
(γ ≈ 10) that have a duration of 10 attoseconds. The
electron bunch is irradiated by an intense (a0 ¼ 4) laser
pulse (λ ¼ 800 nm), and the radiation emitted from this
interaction is measured at some distant detector. These
parameters of the laser were chosen so that using Eq. (1.4)
we calculate ωfundτbunch ≈ 1 ≪ 2π and using Eq. (1.5) we
calculate ωcritτbunch ¼ 200 ≫ 2π. This ensures that the
radiation consists both of wavelengths that are longer than
the bunch length and are emitted coherently as shown on
the left side of Fig. 2, and wavelengths that are shorter than
the bunch and are emitted incoherently, like that shown on
the right side of Fig. 2. Then, the measured spectrum can be
Fourier transformed to reconstruct the electron bunch
duration.
III. RESULTS
This section describes the validation of the proposed
method through electromagnetic simulations of electrons
interacting with an intense laser field. The simulation
procedure is similar to other well-established methods
already published in Refs. [36,37]. First, an electron
trajectory is calculated in a laser field. The laser field
was modeled under the standard paraxial approximation,
int
FIG. 2. A schematic of the electron pulse measurement con-
cept. An intense laser pulse (red) interacts with a relativistically
moving electron bunch (blue). The interaction angle cos θint ¼
hβ⃗0i · k̂ is defined by the angle between the incoming laser pulse
and the average electron bunch direction of motion, which is
defined to be along the positive z axis. The radiation emitted is
shown below the interaction and is composed of many different
frequencies, which are coherent or incoherent based on whether
the relation ωλe=2πc is less than or greater than 1. From the
spectrum, which displays the change from coherent to incoherent,
one can reconstruct the bunch length.
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which is valid for loose focusing considered here. Next, the
trajectory was used in concert with the Liénard-Wiechert
potentials to calculate the retarded electric fields at the
detection point, which is in the far field compared to the
wavelength of all radiation emitted. Each electron is time
stamped such that the radiation emitted from it can be
assigned to a global time to include coherency effects. The
far-field approximation is only used in the calculation of the
electric field amplitude; however, there are no approxima-
tions made when calculating the retarded phase. The
geometry of the interaction can be understood from Fig. 2.
A. Ideal electron beam
We first run an initial trial case with ideal electron
parameters to test the reconstruction method. The ideal
electron beam had no transverse size in the xy plane with
a normal distribution of electrons along the z axis with a 9-
nm FWHM (∼3 as)—see the black line in Fig. 3(c). All
electrons had an energy of γ ¼ 10 with the momentum
solely in the positive z direction. For this case and all cases
below, the laser was taken to be traveling along the z axis in
the −z direction (θint ¼ π). The laser had the following
parameters: wavelength λlaser ¼ 800 nm, relativistic laser
potential a0 ¼ 4, spot size 25 μm ∼ 30λlaser, which vali-
dates the use of the paraxial approximation. The laser is
brought to focus at the origin where electrons’ phase space
is defined.
Figure 3(a) shows the on-axis NTS radiation spectrum
for a single electron (dark blue line) and for an ideal 5000-
electron bunch (red line). One notices the general features
of the single electron spectrum discussed in Sec. II B in that
it is synchrotron-like with a tail visible at high frequencies,
and has a low frequency cutoff at ∼44ωlaser which can be
understood as the fundamental frequency of NTS predicted
by Eq. (1.4). Comparing the electron bunch spectrum to the
single electron case, we can see evidence of coherency
in the lower frequencies—above the fundamental—that
extends up to ∼128ωlaser. The radiation amplitude is 106 ∼
N2 of the single-electron case, which points to coherent
addition of emissions of single electrons within the bunch.
Beyond the high-frequency cutoff, however, the spectrum
begins to resemble the single-electron one, and the ampli-
tude drops to 103 ∼ N, meaning an incoherent addition of
emissions of single electrons. The loss of coherency occurs
(a)
(b) (c)
FIG. 3. Simulation results for the ideal and realistic beam conditions. The laser intensity is a0 ¼ 4, spot size 25 μm. The electron
energy is γ ¼ 10. (a) The NTS radiation spectra for a single electron, ideal, and realistic electron beams. (b) Form factors FðωÞ. The
analysis region is shown between the vertical dashed lines. (b) The reconstructed bunch profiles and their comparison to the simulation
input.
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near 100 ωlaser or λlaser=100 ¼ 8 nm, which is consistent
with the picture of coherency developed earlier considering
the initial bunch length of 9 nm.
The ideal case exhibits clear drops in signal at ∼200ωlaser
and ∼400ωlaser. These are present for two reasons. First,
because the particle distribution is discrete, there must be a
hard cutoff where the distribution stops abruptly. Thus the
distribution is more of a Gaussian imposed upon a square
pulse, and the Fourier transform performed in Eq. (1.3) will
resemble a sinc function. The dips correspond to the zeros
of the square of the sinc function. Second, every electron in
this ideal distribution has the same initial momentum and
impinges upon the laser pulse in exactly the same manner,
except for the slight spatial separation. Each electron then
emits exactly the same radiation, except at slightly different
times, and this coherency is unrealistically amplified. The
realistic beam presented in Fig. 3(a) exhibits a smoother
spectrum because the small changes in position and energy
cancel each other.
To limit the noise in our subsequent reconstruction
analysis, we chose the low- and high-frequency cutoffs at
44ωlaser and 128ωlaser respectively [the dashed lines in
Fig. 3(b)]. The coherency is more evident in Fig. 3(b), where
FðωÞ, the form factor, is plotted and also shows a clear
coherency between the two dashed lines where themaximum
amplitude is approximately 106 ∼ N2. If we assume the
electron bunch is Gaussian in nature, then a Fourier transform
of the density function,Sðr⃗Þ, will again produce aGaussian in
the form factor, FðωÞ. Therefore, we fit the coherent part of
the spectrum,within our limits, to aGaussian, and thewidth of
the density function is the inverse of the width of the fit. The
result is shown in Fig. 3(c) and is compared to the input
density function. The results are in good agreement with the
input and validate the reconstruction method.
Figure 4 demonstrates the effect of bunch length on the
spectrum, using the same initial conditions for the ideal
beam considered in Fig. 3. The spectrum for a 4.5, 9, and
18 nm bunch length are shown. The low end of the spectrum
exhibits the fundamental cutoff, which is not affected by
beam size. We note the expected degree of coherency
decreases with the increase in beam size. Additionally,
the first minimum in the spectrum shifts in frequency as
expected considering beam size. For a beam that is twice
shorter (4.5 nm), the minimum shown as a dot-dashed line
shifts by an amount that is double that of the 9 nm beam,
which is shown as a dotted line. Also, for twice longer bunch
length (18 nm), the minimum, shown as a dashed line, shifts
in frequency by an amount that is half that of the 9 nm beam.
This trend is also consistent with the coherency discussed
earlier, and provides a reliable estimate of beam size.
B. Realistic electron beams
From the fundamental point of view, our method should
be applicable if the spectrum of each electron sufficiently
overlaps all others, such that coherent addition can take
place. In this sectionwewill test this hypothesis, and discuss
the feasibility of themethod in the case of realistic laboratory
conditions. We focus on attosecond electron bunches
generated during laser-plasma interactions, of which there
are proposed methods discussed in the Introduction. In the
previous simulation, we neglected energy spread, diver-
gence angle, and transverse size of electron beams; we now
consider their effects. We keep the assumption that the
position and momentum parameters used to describe the
electron distribution vary smoothly and have a single peak.
This is a valid assumption for most accelerators, and implies
the variation of parameters is then mapped to the radiated
spectrum in a smoothmanner. Any discontinuity or multiple
peaks may lead to errors or ambiguities in reconstruction.
We begin by investigating electron-beam size and
divergence, since they manifest themselves in a similar
way. For a finite beam size and an on-axis NTS measure-
ment, the radiation from an electron on the outside of the
bunch will be seen by the detector at a certain angle to the
electron bunch propagation direction, resulting in a down-
shift of the fundamental frequency, as well as the rest of the
spectrum. Similarly, for an electron not traveling exactly
towards the detector, the radiation from that electron will be
directed in its respective propagation direction and so the
detector will see the off-axis contributions from that
electron. Both effects result in nonzero θ in Eq. (1.4).
The effects can be neglected as long as the radiation cone
θrad ∼ 1=γ is much larger than the solid angle of the electron
bunch, as seen by the detector, and the bunch divergence.
Additionally, due to the angular dependence of the emis-
sion spectrum, the solid angle of acceptance of the
spectrometer used with this diagnostic method should be
FIG. 4. Simulation results for the ideal beam conditions. The
laser intensity is a0 ¼ 4, spot size 25 μm. The electron energy is
γ ¼ 10. The beam size is 4.5, 9, and 18 nm respectively. The
spectrum is shown for each case as well as a dashed, dotted, and
dot-dashed vertical line at first minimum of the spectrum for each
case respectively.
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much smaller than the radiation cone of the scattered light.
Because of the small size of the Thomson cross section, a
low number of detectable scattered photons are expected.
Thus, one viable spectroscopy technique is based on x-ray
detection with a single-photon-counting array, which has
been experimentally demonstrated [26,38].
The effect of energy spread is much harder to consider due
to the complex dependence of the emitted NTS spectrum on
γ: Consider first an electron whose energy is less than
average energy. The spectral overlap between that electron
and the bunch deteriorates because the critical frequency
position of the spectrum decreases with γ2, and the intensity
of the radiation above that decays rapidly. For an electron
with energy above average, the overlap deteriorates due to
the fundamental cutoff [Eq. (1.4)]. Additionally, the intensity
of the spectrum scales by ∼γ2 so initially there may be an
increase of overlap, but the fundamental cutoff will even-
tually take effect. The intensity scaling also means that the
measurement is skewed to higher energy electrons because
they will contribute more to the total intensity. If there were
some spatial-energy chirp to the electron bunch, the method
would underestimate the bunch length because of the heavier
weighted high-energy electrons.
Finally, if the duration of the interaction between the laser
and electrons is such that the bunch length changes consid-
erably, the incoherent radiation could dominate, and a
measurement may not be possible. We demonstrate here that
the NTS technique can still accurately diagnose electron
bunch length for dispersive electron beams. For example,
even though the electron bunch in our simulation temporally
stretches by30attoseconds, knowledgeof its energy ðγ ¼ 10Þ
and energy spread (1%) allowed us to nonetheless determine
its bunch length. With the great complexity to consider, it is
best to simulate the interaction for energy spreads greater than
1% and decide if the method is applicable.
Another consideration for experimental realization of
this diagnostic technique is the quality and characteristics
of the laser light. For example, the pointing instability of
the laser beam may affect its overlap with the electron
bunch, causing the effective laser intensity experienced by
the electrons during the interaction to be smaller than
expected. Consequently, the emitted NTS spectrum will not
contain the necessary frequencies for electron bunch length
measurement. This problem can be mitigated by determin-
ing an effective laser intensity from the high energy cutoff
of the NTS spectrum, and using it [Eq. (1.5)] and adjusting
laser parameters accordingly.
We tested two sets of parameters, one typical for
proposals on generation of attosecond-long LWFA beams
and another in a regime closer to attosecond-long electron
beams created via energy chirp compression. In both sets
the beams had a transverse size of 1 μm and divergence
angle of 5 mrad, the electron beams’ energy was centered
around γ ¼ 10 with a 1% and 40% energy spread; all other
parameters of the simulation were the same as above. The
results for 1% energy spread are shown in Fig. 3 in light
blue. Since the spot size and divergence are below the
method’s criteria of applicability discussed earlier, NTS
spectral corrections are small. Thus, a spectrum of a single
electron with an average beam energy can be used for












































FIG. 5. The radiation for a single electron and a bunch of 5000
are plotted on the left. As can be seen the single electron spectrum
is a poor representation for the many electron case and a
calculation using knowledge of the input electron energy spec-
trum is used instead and shown in green. The green curve is used
as an incoherent signal to find the form factor, shown in the
middle in log-log scale. The Gaussian fit is shown in red and the
bounds of fitting are dashed vertical lines. The reconstruction, on
the right, recovers the bunch length with good fidelity.
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estimation of the electron bunch duration at 2.67 as (8 nm),
which matches the input value of 3 as (9 nm) well and
almost perfectly matches the ideal case.
The case with 40% energy spread, however, requires a
more informed analysis. Figure 5(a) shows the spectrum for
a single electron (dark blue) and for the 40% energy spread
case (light blue). The spectra do not match well because in
the realistic case there are electrons with energies much
lower than γ ¼ 10 and thus the low NTS frequency cutoff is
not as sharp as in a single-electron case. However, instead
of using a single-electron spectrum, one can use the energy
spectrum of the electron beam, which can be easily
measured independently, and calculate the corresponding
incoherent NTS spectrum based on it [see the green curve
on Fig. 5(a)]. The analysis proceeds as before by dividing
the measured NTS signal by the incoherent spectrum and
fitting the selected area of the spectrum to a Gaussian shape
shown in Fig. 5(b). Figure 5(c) shows that when done in
this way, the reconstruction is a perfect match (it gives 3 as
with the input value of 3 as) even for electron beams with
large and realistic energy spreads.
IV. CONCLUSION
We explored a novel method for measuring the duration
of relativistic attosecond electron bunches. NTS is dem-
onstrated to be a viable technique for generating broadband
radiation in a frequency range suitable for analysis of bunch
length via coherent effects. The radiation emitted from an
ultrashort bunch of electrons was simulated and then
standard techniques were employed to correctly deduce
the electron bunch duration. Limits on characteristics of the
electron beam were discussed based on physical arguments.
Finally, realistic electron beam parameters were tested, and
reconstructions were shown to be in good agreement with
inputs, validating the method.
It is possible to expand upon the reconstruction method
used here and employ the more sophisticated ones men-
tioned earlier. It is also possible to expand from one- to
three-dimensional reconstruction without significant
changes to the setup, since the form factor at a particular
observation angle is the projection of the bunch density
distribution along that direction, and one could collect
spectra at many different angles and reconstruct a 3D image
of the electron bunch. The details of this procedure are
discussed by Lai and Sievers [29].
Finally, although attosecond electron beams generated
from the schemes mentioned in the introduction have yet to
be realized, this method is also applicable to longer-duration
laser wakefield electron beams. Our NTS technique could
have been used to measure the recently reported 1.5-fs
electron pulse [23] generated with LWFA. If one uses a laser
with wavelength of 1 μm, a0 ¼ 10, and an interaction angle
of 135°, the fundamental frequency of NTSwould be shifted
to the optical region and ωfundτbunch ¼ 3.2 < 2π, such that
coherent radiation could be measured and used for pulse
duration measurements, as described above. Thus, we
believe ourmethod has the potential to substantially advance
an important frontier of ultrafast dynamics.
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